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ial homotopy in semi-abelian ategories
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Abstrat
We study Quillen's model ategory struture for homotopy of simpliial
objets in the ontext of Janelidze, Márki and Tholen's semi-abelian at-
egories. This model struture exists as soon as A is regular Mal'tsev and
has enough regular projetives; then the brations are the Kan brations
of SA. When, moreover, A is semi-abelian, weak equivalenes and homol-
ogy isomorphisms oinide.
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Introdution
Semi-abelian ategories, introdued by Janelidze, Márki and Tholen in [9℄, relate
to the ategories of groups, rings and Lie algebras in the same way as abelian
ategories relate to ategories of modules: They form a general framework that
aptures many of the homologial properties of the ategories modelled. In
any semi-abelian ategory, the fundamental diagram lemmas, suh as the Short
Five Lemma, the 3 × 3 Lemma, the Snake Lemma [5℄ and Noether's Isomor-
phism Theorems [2℄ hold. Moreover, the usual (abelian-ategory) denition
of homology of hain omplexes still makes sense: Any short exat sequene
of proper hain omplexeshain omplexes of whih the dierentials have a
normal imageindues a long exat homology sequene [8℄.
Sine, via the Moore normalization funtor N : SA ,2 PChA, any simpli-
ial objet A indues a proper hain omplex N(A), A has homology objets
HnA = HnN(A); sine N is an exat funtor, any short exat sequene of
simpliial objets in A indues a long exat homology sequene in A. These
homology objets were introdued in [8℄ to prove a general version of Hopf's
formulaa purely homologial result. On the other hand, simpliial objets are
widely used for their onvenient homotopial properties. The purpose of this
paper is showing that, as is well-known for e.g., groups or abelian ategories,
homology of simpliial objets is ompatible with the existing homotopy theory.
We shall give an interpretation of the following theorem due to Quillen.
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Quillen's Theorem. [10, Theorem II.4.4℄ Let A be a nitely omplete ategory
with enough regular projetives. Let SA be the ategory of simpliial objets over
A. Dene a map f in SA to be a bration (resp. weak equivalene) if Hom(P, f)
is a bration (resp. weak equivalene) in SSet for eah projetive objet P of A,
and a obration if f has the left lifting property with respet to the lass of
trivial brations (i.e., maps both bration and weak equivalene). Then SA
is a losed simpliial model ategory if A satises one of the following extra
onditions:
(*) every objet of SA is brant;
(**) A is oomplete and has a set of small regular projetive generators.
The ondition (**) onerns nitary varieties in the sense of universal al-
gebra. We shall fous on ategories satisfying the rst ondition: This lass
ontains all abelian ategories; more generally, when A has oequalizers of ker-
nel pairs, (*) is satised exatly when A is Mal'tsev.
In partiular, if A is semi-abelian with enough projetives, SA arries a
model ategory struture. Our aim is to desribe this struture in terms of
homology of simpliial objets.
1 Fibrations are Kan brations
In this short setion we disuss the brations ourring in Quillen's model stru-
ture: In a regular Mal'tsev ategory with enough projetives, the brations are
the Kan brations.
First of all, note that Quillen's Theorem is indeed the same as Theorem II.4.4
in [10℄, where the projetive objets are hosen relative to the lass of so-alled
eetive epimorphisms. A morphism f : A ,2 B in a nitely omplete at-
egory A belongs to this lass when for every objet T of A, the diagram in
Set
Hom(B, T )
(·)◦f
,2 Hom(A, T )
(·)◦k0
,2
(·)◦k1
,2 Hom(R[f ], T )
is an equalizer. This, however, just means that f is a oequalizer of its kernel
pair k0, k1 : R[f ] ,2 A; hene in A, regular epimorphisms (i.e., oequalizers)
and eetive epimorphisms oinide.
From now on, we restrit ourselves to the ontext of regular ategories:
nitely omplete ones with oequalizers of kernel pairs and pullbak-stable reg-
ular epimorphisms. In a regular ategory, the image fatorization Im f◦p of a
map f : A ,2 B as a regular epimorphism p followed by a monomorphism Im f
is obtained as follows: p is a oequalizer of a kernel pair k0, k1 : R[f ] ,2 A
and the image Im f : I[f ] ,2 B is the universally indued arrow. Now with
Proposition 2 in [10, II.4℄, Quillen shows that the eetive epimorphisms in
A are pullbak-stable as soon as there are enough regular projetives, hene a
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nitely omplete ategory with oequalizers of kernel pairs and enough regular
projetives is regular and asking regularity redues to asking for the existene
of oequalizers of kernel pairs.
Reall from [6, 8℄ the following denitions. Consider a simpliial objet A in
a regular ategory A. For n ≥ 1 and k ∈ [n], a family
x = (xi : X ,2 An−1)i∈[n],i6=k
is alled an (n, k)-horn of A if it satises ∂i◦xj = ∂j−1◦xi, for i < j and i, j 6= k.
A map f : A ,2 B of simpliial objets is a Kan bration if, for every (n, k)-
horn x of A and every b : X ,2 Bn with ∂i◦b = fn−1◦xi for all i 6= k, there is a
regular epimorphism p : Y ,2 X and a map a : Y ,2 An suh that fn◦a = b◦p
and ∂i◦a = xi◦p for all i 6= k. A simpliial objet K is Kan when the unique
map K ,2 1 to the terminal simpliial objet 1 is a Kan bration.
It is easily seen that in a regular ategory A with enough regular projetives,
a simpliial objet K is Kan if and only if for every projetive objet P and for
every (n, k)-horn
x = (xi : P ,2 Kn−1)
of K, there is a morphism y : P ,2 Kn suh that ∂i◦y = xi, i 6= k. This means
that K is Kan if and only if Hom(P,K) = Hom(P, ·)◦K is a Kan simpliial set,
for every projetive objet P . The similar statement for Kan brations amounts
to the following:
Proposition 1.1. Let A be a regular ategory with enough projetives. A sim-
pliial morphism f : A ,2 B in A is a Kan bration if and only if it is a
bration in the sense of Quillen's Theorem: For every projetive objet P of A,
the indued morphism of simpliial sets
f◦(·) = Hom(P, f) : Hom(P,A) ,2 Hom(P,B)
is a Kan bration.
Thus we see that a regular ategory A satises ondition (*) if and only
if every simpliial objet in A is Kan. In the introdution to [1℄, M. Barr
onjetures that the latter ondition on A means that every reexive relation
in A is an equivalene relation. Reall that this last property, together with
nite ompleteness, gives the denition of Mal'tsev ategory due to Carboni,
Lambek and Pedihio [7℄. In [6℄, Carboni, Kelly and Pedihio prove M. Barr's
onjeture, and show that the Mal'tsev axiom is equivalent to the permutability
ondition RS = SR for arbitrary equivalene relations R, S on an objet X
of A.
Briey, simpliial objets in a Mal'tsev ategory with enough projetives
and oequalizers of kernel pairs admit a model ategory struture, where the
brations are just Kan brations. However, stronger onditions on A are needed
for an internal desription of the weak equivalenes. We shall now fous on semi-
abelian ategories and desribe the weak equivalenes using homology.
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2 Homology of simpliial objets
A semi-abelian ategory is pointed, Barr exat and Bourn protomodular with
binary oproduts [9, 2℄. Pointed means that it has a zero objet: an initial
objet that is also terminal. An exat ategory is regular and suh that any
internal equivalene relation is a kernel pair [1℄. A pointed and regular ate-
gory is protomodular when the Short Five Lemma holds: For any ommutative
diagram
K[p′]  ,2
Ker p′
,2
u

E′
p′  ,2
v

B′
w

K[p]
 ,2
Ker p
,2 E p
 ,2 B
suh that p and p′ are regular epimorphisms, u and w being isomorphisms
implies that v is an isomorphism [3℄. The existene of binary oproduts entails
nite oompleteness.
Next to the examples mentioned in the Introdution, also e.g., all abelian
ategories; all varieties of Ω-groups (i.e., varieties of universal algebras with a
unique onstant and an underlying group struture), in partiular the ategories
of ommutative algebras, rossed modules and prerossed modules; and the at-
egories of Heyting algebras, ompat Hausdor groups, non-unital C∗ algebras
are well-known to be semi-abelian.
Dominique Bourn showed in [4℄ that any nitely omplete protomodular
ategory is Mal'tsev; hene a semi-abelian ategory with enough projetives
satises ondition (*). We briey reall from [8℄see also [2℄some denitions
and results onerning homology of simpliial objets in this ontext.
From now on, A will always denote a semi-abelian ategory. A sequene of
morphisms (fi)i∈I
. . . ,2 Xi+1
fi+1
,2 Xi
fi ,2 Xi−1 ,2 . . .
in A is alled exat at Xi if Im fi+1 = Ker fi. It is alled exat when it is exat
at Xi, for all i ∈ I. A short sequene
0 ,2 K
 ,2 k ,2 A
f  ,2 B ,2 0 (A)
is exat if and only if f is a regular epimorphism (a okernel of k) and k is a
kernel of f .
A hain omplex C in A is a sequene of morphisms dn : Cn ,2 Cn−1,
n ∈ Z, where dn◦dn+1 = 0. C is alled proper when it has dierentials dn of
whih the image Im dn : I[dn] ,2 Cn−1 is a kernel. As in the abelian ase, the
n-th homology objet HnC of a proper hain omplex C is the okernel of the
fatorization d′n+1 : Cn+1 ,2 K[dn] of dn+1. Given a proper hain omplex C,
HnC is zero if and only if C is exat at Cn; and by the Snake Lemma [5, 2℄, any
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short exat sequene of proper hain omplexes indues a long exat homology
sequene.
When working with simpliial objets in A, we shall use the notations of [11℄:
A simpliial objet A : ∆op ,2 A onsists of objets (An)n∈N, fae operators
∂i : An ,2 An−1 for i ∈ [n] = {0, . . . , n} and n ∈ N0, and degeneray operators
σi : An ,2 An+1, for i ∈ [n] and n ∈ N, subjet to the simpliial identities.
The normalization funtor N : SA ,2 PChA turns a simpliial objet A into
the Moore omplex N(A) of A, the hain omplex with N0A = A0,
NnA =
n−1⋂
i=0
K[∂i : An ,2 An−1]
and dierentials dn = ∂n◦
⋂
i Ker ∂i : NnA
,2 Nn−1A, for n ≥ 1, and An = 0,
for n < 0. Sine, by Theorem 3.6 in [8℄, N(A) is a proper hain omplex, one an
dene its homology objets as HnA = HnN(A). The exatness of the funtor
N [8, Proposition 5.6℄ now implies:
Proposition 2.1. [8, Corollary 5.7℄ Let A be a semi-abelian ategory. Any
short exat sequene A in SA anonially indues a long exat sequene
. . . ,2 Hn+1B
δn+1
,2 HnK
Hnk ,2 HnA
Hnf ,2 HnB
δn ,2 Hn−1K ,2 . . .
. . . ,2 H1B
δ1 ,2 H0K
H0k ,2 H0A
H0f  ,2 H0B
δ0 ,2 0
in A.
Our rst target is haraterizing regular epi homology isomorphisms. To
do so, we need a preise desription of the ayli simpliial objets, i.e., those
A in SA satisfying HnA = 0 for all n ∈ N.
3 Ayli objets
What does it mean, for a simpliial objet, to have zero homology? We give
an answer to this question, not in terms of an assoiated hain omplex, but in
terms of the simpliial objet itself. Reall Corollary 3.10 in [8℄:
Proposition 3.1. For any simpliial objet A, H0A = Coeq[∂0, ∂1].
It implies that H0A = 0 if and only if (∂0, ∂1) : A1 ,2 A0 ×A0 is a regu-
lar epimorphism. (Sine A is exat Mal'tsev, the image of the reexive graph
∂0, ∂1 : A1 ,2 A0 is a kernel pair of Coeq (∂0, ∂1) : A0 ,2 Coeq[∂0, ∂1]; and
H0A is zero if and only if this kernel pair is pr0, pr1 : A0 ×A0 ,2 A0.) A sim-
ilar property holds for the higher homology objets; in order to write it down,
we need the following denition (f. Figure 1).
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Denition 3.2. Let A be a simpliial objet in A. The objet ∇nA of n-yles
in A is dened by ∇0A = A0 ×A0 and
∇nA = {(x0, . . . , xn+1) | ∂i◦xj = ∂j−1◦xi, for all i < j ∈ [n+ 1]} ⊂ A
n+2
n ,
for n > 0. This gives rise to funtors ∇n : SA ,2 A. (We index projetions
aording to the simpliial notation, i.e., pri(x0, . . . , xn+1) = xi et.)
Notation 3.3. For any simpliial objet A in A, the simpliial objet dened by
A−n = An+1, ∂
−
i = ∂i+1 : An+1
,2 An, and σ
−
i = σi+1 : An+1
,2 An+2, for
i ∈ [n], n ∈ N is denoted by A−. This is the simpliial objet obtained from A
by leaving out A0 and, for n ∈ N, all ∂0 : An ,2 An−1 and σ0 : An ,2 An+1.
Observe that ∂ = (∂0)n denes a simpliial morphism from A
−
to A, and write
ΛA for its kernel.
The following result due to J. Moore, well-known to hold in the abelian ase
(f. Exerise 8.3.9 in [11℄) is easily generalized to semi-abelian ategories:
Lemma 3.4. For any n ∈ N, Nn(ΛA) ∼= Nn+1A; hene Hn(ΛA) ∼= Hn+1A.
We also need the following generalization of the notion of regular pushout [6℄.
Denition 3.5. A square in A with horizontal regular epimorphisms
A′
f ′  ,2
v

B′
w

A
f
 ,2 B
is alled a regular pushout when the omparison map (v, f ′) : A′ ,2 A×B B
′
to the pullbak A ×B B
′
of w along f is a regular epimorphism. (The maps v
and w are not demanded to be regular epimorphisms.)
Remark 3.6. Every regular pushout is a pushout, but a pushout need not be
a regular pushout: A ounterexample may be onstruted by hoosing B′ = 0,
v = inA′ : A
′ ,2 B +A′ and f = [1B, 0] : B +A
′ ,2 B in, say, the ategory
Gp of all groups.
Proposition 3.7. In the diagram
0 ,2 K[f ′]
 ,2 ,2
u

A′
f ′  ,2
v

B′
w

,2 0
0 ,2 K[f ]
 ,2 ,2 A
f
 ,2 B ,2 0
the right hand side square is a regular pushout if and only if the indued arrow
u is a regular epimorphism.
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Proof. This is a onsequene of the Short Five Lemma for regular epimorphisms
([4, Corollary 9℄ or [2, Lemma 4.2.5℄).
Lemma 3.8. For any n ∈ N, the diagram
∇n+1A
(pr
i+1)i∈[n+1]

pr0 ,2 An+1
(∂i)i∈[n+1]

∇nA
−
∇n∂
,2 ∇nA
is a pullbak.
Proof. Via the Yoneda Lemma, it sues to hek this in Set.
Proposition 3.9. A simpliial objet A in A is ayli if and only if for every
n ∈ N, the morphism (∂i)i∈[n+1] : An+1 ,2 ∇nA is a regular epimorphism.
Proof. We show by indution that, when HiA = 0 for all i ∈ [n − 1], the
morphism
(∂i)i∈[n+1] : An+1 ,2 ∇nA
is regular epi if and only if HnA = 0.
We already onsidered the ase n = 0 above. Hene suppose that n ∈ N and
HiA = 0 for all i ∈ [n], and onsider the following diagram.
0 ,2 Λn+1A
 ,2
Ker ∂0 ,2
(∂Λ
i
)i∈[n+1]

A−n+1
(∂i+1)i∈[n+1]

∂0  ,2 An+1
(∂i)i∈[n+1]

,2 0
0 ,2 ∇nΛA
 ,2
Ker∇n∂
,2 ∇nA
−
∇n∂
,2 ∇nA ,2 0
By the indution hypothesis on A, the arrow (∂i)i : An+1 ,2 ∇nA is a regular
epimorphism. It follows that so is ∇n∂, and both rows in this diagram are exat
sequenes.
Using Lemma 3.4 and applying the indution hypothesis to ΛA, we get that
the arrow (∂Λi )i : Λn+1A
,2 ∇nΛA is a regular epimorphism if and only if
0 = HnΛA ∼= Hn+1A. Now, by Proposition 3.7, we see that Hn+1A = 0 exatly
when the right hand side square above is a regular pushout. By Lemma 3.8,
this latter property is equivalent to the indued arrow
(∂i)i∈[n+2] : An+2 = A
−
n+1
,2 ∇n+1A
being a regular epimorphism.
The meaning of this property beomes very lear when we express it as
in Figure 1: Up to enlargement of domain, A is ayli when every n-yle is a
boundary of an (n+ 1)-simplex.
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∂1y
∂0y ∂2y
y
∂1y
∂0y ∂2y
x1
x0 x2
Figure 1: A 2-simplex y, its boundary ∂y and a 1-yle (x0, x1, x2).
4 Ayli brations
A Kan bration is alled ayli when it is a homology isomorphism. Here we
give an expliit desription of the ayli brations.
Note that, using Proposition 2.1, regular epi homology isomorphisms may
be haraterized as those regular epimorphisms that have an ayli kernel. This
is why Proposition 3.9 is useful in the proof of
Proposition 4.1. A regular epimorphism p : E ,2 B is a homology isomor-
phism if and only if for every n ∈ N, the diagram
En+1
(∂i)i∈[n+1]

pn+1  ,2 Bn+1
(∂i)i∈[n+1]

∇nE
∇np
,2 ∇nB
(B)
is a regular pushout.
Proof. We give a proof by indution on n. If n = 0 then ∇0p, as a produt of
regular epimorphisms, is regular epi. By Proposition 3.7, it is now lear that
Diagram B is a regular pushout if and only if (∂0, ∂1) : K[p]1 ,2 ∇0K[p] is a
regular epimorphism, or, by Proposition 3.9, H0K[p] = 0.
Now suppose that n > 0. We rst have to show that the arrow ∇np is a reg-
ular epimorphism. To do so, onsider an arrow x : X ,2 ∇nB. By indution,
a regular epimorphism q : Y ,2 X exists and arrows yk : Y ,2 En−1, suh
that for eah element k of the set
K = {∂j◦ pri ◦x : X ,2 Bn−1 | j ∈ [n], i ∈ [n+ 1]},
k◦q = pn−1◦yk, and suh that these yk assemble to arrows y
′
i : Y
,2 ∇n−1E
that satisfy ∇n−1p◦y
′
i = (∂j)j◦ pri ◦x◦q. Again using the indution hypothesis,
we get a regular epimorphism q1 : Y1 ,2 Y and arrows zi : Y1 ,2 En satisfy-
ing pn◦zi = pri ◦x◦q◦q1, for every i ∈ [n+1]. By the areful hoie of the arrows
y′i (using the set K), these zi indue the needed morphism z : Y1
,2 ∇nE.
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Considering the diagram
0 ,2 K[p]n+1
 ,2 ,2
(∂i)i∈[n+1]

En+1
(∂i)i∈[n+1]

pn+1  ,2 Bn+1
(∂i)i∈[n+1]

,2 0
0 ,2 ∇nK[p]
 ,2 ,2 ∇nE
∇np
 ,2 ∇nB ,2 0,
we see that B is a regular pushout if and only if the morphism
(∂i)i : K[p]n+1 ,2 ∇nK[p]
is regular epi. The result now follows from Proposition 3.9.
Proposition 4.2. A simpliial morphism p : E ,2 B is an ayli bration
if and only if p is a regular epimorphism and for every n ∈ N, Diagram B is a
regular pushout.
Proof. This is an immediate onsequene of Proposition 4.1: By Proposition 4.4
in [8℄, a regular epimorphism is always a Kan bration; onversely, it easily
follows from the denitions that a Kan bration p suh that H0p is a regular
epimorphism is also regular epi (f. [10, II.3, Proposition 1 .℄).
5 Weak equivalenes are homology isomorphisms
We show that for a semi-abelian ategory A with enough projetives, the weak
equivalenes in SA are exatly the homology isomorphisms.
Reall from [10, Setion II.4℄ that a weak equivalene in the sense of Quillen's
Theorem is a simpliial morphism f : A ,2 B suh that Hom(P, f) is a weak
equivalene in SSet for every projetive objet P in A; and this is the ase when
Hom(P, f) indues isomorphisms of the homotopy groups
pinHom(P, f) : pin(Hom(P,A), x) ,2 pin(Hom(P,B), f◦x)
for all n ∈ N and x ∈ Hom(P,A)0 = Hom(P,A0). These homotopy groups are
dened in the following manner.
Denition 5.1. Let K be a Kan simpliial set, x ∈ K0 and n ∈ N. Write
Z0(K,x) = K0; if n ≥ 1, denote by x the element (σ0◦ · · · ◦σ0)(x) of Kn−1 and
by Zn(K,x) the set {z ∈ Kn | ∂i(z) = x for i ∈ [n]}. Two elements z and z
′
of
Zn(K,x) are homotopi, notation z ∼ z
′
, if there is a y ∈ Kn+1 suh that
∂i(y) =


x, if i < n;
z, if i = n;
z′, if i = n+ 1.
The relation ∼ is an equivalene relation on Zn(K,x); the quotient Zn(K,x)/∼
is denoted by pin(K,x). For n ≥ 1 this pin(K,x) is a group.
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Lemma 5.2. [8, Prop. 3.9℄, [5, Corollary 6℄ In a semi-abelian ategory, let
A
∂1 ,2
∂0
,2 Bσlr
e ,2 C
be an augmented reexive graph. Then the following are equivalent:
1. e is a oequalizer of ∂0 and ∂1;
2. e is a okernel of ∂1◦Ker ∂0.
The next lemma is essentially a higher-degree version of Proposition 3.1: It
shows how a homology objet HnA may be omputed as a oequalizer of (a
restrition of) the last two boundary operators ∂n and ∂n+1.
Lemma 5.3. Write Sn+1A =
⋂
i∈[n−1]K[∂i : An+1
,2 An] ⊂ An+1 and
S1A = A1, and for n ∈ N, let ∂
−1
n ZnA denote the inverse image
∂−1n ZnA
∂n
,2
∂n+1
,2
∂−1
n
⋂
i∈[n] Ker ∂i

ZnAσnlr
⋂
i∈[n] Ker ∂i

Sn+1A
∂n
,2 An
of ZnA =
⋂
i∈[n]K[∂i] ⊂ An along ∂n : Sn+1A
,2 An and ∂n+1, σn the in-
dued fatorization of ∂n+1 : An+1 ,2 An and σn : An ,2 An+1. Then
∂−1n ZnA
∂n
,2
∂n+1
,2 ZnA
qn  ,2 HnA
is a oequalizer diagram.
Proof. The omposite
K[∂n]
 ,2
Ker ∂n ,2 ∂−1n ZnA
∂n+1
,2 ZnA
is d′n+1 : Nn+1A ,2 ZnA; the result now follows from Lemma 5.2.
Proposition 5.4. Let A be semi-abelian ategory. For any n ≥ 1 and for any
projetive objet P in A, there is a bijetion pin(Hom(P,A), 0) ∼= Hom(P,HnA),
natural in A ∈ A.
Proof. An isomorphism pin(Hom(P,A), 0) ,2 Hom(P,HnA) may be dened
as follows: The lass with respet to ∼ of a map f : P ,2 ZnA is sent to
qn◦f : P ,2 HnA. This funtion is well-dened and injetive, beause by
Lemma 5.3, f ∼ g is equivalent to qn◦f = qn◦g; it is surjetive, sine qn is a
regular epimorphism and P a projetive objet.
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Theorem 5.5. If A is semi-abelian with enough projetives, weak equivalenes
in SA and homology isomorphisms oinide.
Proof. If f is a weak equivalene then all pinHom(P, f) are isomorphisms; but
then the morphisms Hom(P,Hnf), n ≥ 1 are iso by Proposition 5.4. Now the
lass of funtors Hom(P, ·) : A ,2 Set, P projetive, is jointly onservative: It
reets regular epimorphisms by denition of a regular projetive objet, and it
reets monomorphisms beause enough regular projetives exist. Hene Hnf
is an isomorphism.
Conversely, suppose that f : A ,2 B is a homology isomorphism. We may
fator it as f = p◦i, a trivial obration i : A ,2 E followed by a bration
p : E ,2 B. We just proved that i is a homology isomorphism; as a onse-
quene, so is p. Thus we redued the problem to showing that when a bration
is a homology isomorphism, it is a weak equivalene.
Consider n ∈ N, P projetive in A, and x : P ,2 E0. Then
pn◦(·) : pin(Hom(P,E), x) ,2 pin(Hom(P,B), p0◦x)
is an isomorphism: It is a surjetion, beause by Proposition 4.2, any map
b : P ,2 Bn satisfying ∂i◦b = pn−1◦x indues a morphism e : P ,2 En suh
that ∂i◦e = x. It is an injetion, sine for e, e
′
in Zn(Hom(P,E), x) with
pn◦e ∼ pn◦e
′
, again Proposition 4.2 implies that e ∼ e′.
In summary:
Theorem 5.6. If A is a semi-abelian ategory with enough projetives then
a model ategory struture on SA exists where the weak equivalenes are the
homology isomorphisms and the brations are the Kan brations.
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